Abstract. Consider 2n points on the unit circle and a reference dissection D• of the convex hull of the odd points. The accordion complex of D• is the simplicial complex of non-crossing subsets of the diagonals with even endpoints that cross an accordion of the dissection D•. In particular, this complex is an associahedron when D• is a triangulation and a Stokes complex when D• is a quadrangulation. In this paper, we provide geometric realizations (by polytopes and fans) of the accordion complex of any reference dissection D•, generalizing known constructions arising from cluster algebras.
Our second method is based on the d-vector fan. This construction is inspired from the original cluster fan of S. Fomin and A. Zelevinsky [FZ03a] later realized as a polytope by F. Chapoton, S. Fomin and A. Zelevinsky [CFZ02] , and from the generalization of F. Santos [CSZ15] to construct a compatibility fan and an associahedron from any initial triangulation. For any reference dissection D • , we associate to each diagonal a d-vector which records the crossings of this diagonal with those of D • . We show that the d-vectors support a complete simplicial fan realizing the D • -accordion complex AC(D • ) if and only if D • contains no even interior cell. The polytopality of the resulting fan remains open in general, but was shown for arbitrary triangulations in [CSZ15] .
Finally, our third method is based on projections of associahedra. Namely, for any dissection D • and triangulation T • such that D • ⊆ T • , the accordion complex AC(D • ) is a subcomplex of the simplicial associahedron AC(T • ). It turns out that the g-vector fan F g (D • ) is then a section of the g-vector fan F g (T • ) by a coordinate subspace. Therefore, the accordion complex AC(D • ) is realized by a projection of the associahedron Asso(T • ) of [HPS17] . This point of view provides a complementary perspective on accordion complexes that leads on the one hand to more concise but less instructive proofs of combinatorial and geometric properties of the accordion complex (pseudomanifold, g-vector fan, accordiohedron), and on the other hand to natural extensions to coordinate sections of the g-vector fan in arbitrary cluster algebras.
The paper is organized as follows. Section 1 introduces the accordion complex and accordion lattice of a dissection D • . We essentially follow the definitions and arguments of A. Garver and T. McConville [GM16] , except that we prefer to work on the dissection D • rather than on its dual graph. Section 2 is devoted to the generalization of the g-vector fan and the associahedra of [HL07, HPS17] . Section 3 discusses the generalization of the construction of the d-vector fan and associahedra of [FZ03a, CSZ15] . Finally, Section 4 shows that the accordion complex is realized by a projection of a well-chosen associahedron and presents related conjectures on cluster algebras, subcomplexes of the cluster complex, and sections of the g-vector fan.
The accordion complex and the accordion lattice
In this section, we define the accordion complex AC(D • ) of a dissection D • , show that it is a pseudo-manifold, and define an orientation of its dual graph. Our definitions and proofs are essentially translations of the arguments of A. Garver and T. McConville [GM16] given in terms of the dual tree of the dissection D • . However our presentation in terms of dissections is more convenient for our latter purposes.
1.1. The accordion complex. Let P be a convex polygon. We call diagonals of P the segments connecting two vertices of P. This includes both the internal diagonals and the external diagonals (or boundary edges) of P. A dissection of P is a set D of non-crossing internal diagonals of P. We consider 2n points on the unit circle labeled clockwise by 1 • , 2 • , 3 • , 4 • , . . . , (2n − 1) • , (2n) • . We say that 1 • , . . . , (2n − 1) • are the hollow vertices while 2 • , . . . , (2n) • are the solid vertices. The hollow polygon is the convex hull P • of 1 • , . . . , (2n − 1) • while the solid polygon is the convex hull P • of 2 • , . . . , (2n) • . We simultaneously consider hollow diagonals δ • (with two hollow vertices) and solid diagonals δ • (with two solid vertices), but we never consider diagonals with one hollow vertex and one solid vertex. Similarly, we consider hollow dissections D • (of the hollow polygon, with only hollow diagonals) and solid dissections D • (of the solid polygon, with only solid diagonals), but never mix hollow and solid diagonals in a dissection. To help distinguishing them, hollow (resp. solid) vertices and diagonals appear red (resp. blue) in all pictures.
We fix an arbitrary reference hollow dissection D [GM16] (except that they work on the dual tree of the dissection D • ). A much more concise but less instructive proof of the pseudomanifold property will be derived from geometric considerations in Remark 56.
Recall that we denote byD We conclude this section with a reciprocity result on accordion dissections. 
The g-vector fan
In this Section, we construct accordiohedra using g-and c-vectors. 
is opposite: the reciprocity already observed in Proposition 13 naturally reverses the orientation. More informally, we exchange the role of hollow and solid dissections by looking at the picture from the opposite side of the blackboard, which of course reverses the orientation. Finally, if δ • and δ • do not cross, then we let
, we define the following vectors: Figure 2 . Then we have for example In fact, the g-vectors are clearly in bijection with the accordions and with the zigzags in
The set of c-vectors C(D • ) without repetitions can be understood as follows.
Lemma 19. There are bijections between:
the negative (resp. positive) c-vectors 
since we sum an even number of alternating ±1 when γ • = δ • , and an odd number of alternating ±1 starting by a 1 when 
where Proof. We immediately derive from the definitions that for any 
We let the reader check that:
If γ • and δ • do not cross and have no common endpoint, both 
We conclude from this case analysis that
and is therefore a facet of the zonotope Zono(D • ).
Define the half-space and the hyperplane corresponding to a solid
and
2.3. g-vector fan and D • -accordiohedron. In this section, we give a geometric realization of the D • -accordion complex. We start by realizing this simplicial complex as a complete simplicial fan in R D• . We denote by R ≥0 R the positive span of a set R of vectors in R D• .
Theorem 25. The collection of cones Figure 4 as defined in Lemma 8. Note that a diagonal of D • crosses none of (resp. one of, resp. both) the diagonals δ • , δ • if and only if it crosses none of (resp. one of, resp. both) the diagonals µ • , ν • . The same holds for a Z or a Z of D • . Therefore, we have the linear dependence g(
) satisfies the two conditions of Proposition 26, and thus concludes the proof.
Remark 27. The linear dependence g(D
• | δ • ) + g(D • | δ • ) = g(D • | µ • ) + g(D • | µ • ) relating the g-vectors of two adjacent maximal D • -accordion dissections D • , D • with D • {δ • } = D • {δ • } shows that det g(D • | D • ) = − det g(D • | D • ) . Since the initial cone R ≥0 g(D • | D − • )
is generated by the coordinate vectors (see Example 15), we obtain that det g(D
) is always smooth. We now provide a first polytopal realization of the g-vector fan F g (D • ) (see also Section 4). This fan has a maximal cone for each maximal D • -accordion dissection and a ray for each
where ω(D • | δ • ) still denotes the D • -height of δ • defined as the number of D • -accordion diagonals that cross δ • . We will need the following two technical lemmas in the proof of Theorem 33. 
Summing the contribution of all c-vectors with their coefficients ω(D
Finally, note that any diagonal of P • that crosses one of (resp. both) the diagonals µ • , ν • also crosses one of (resp. both) the diagonals δ • , δ • . Moreover, δ • and δ • cross each other but do not cross µ • and ν • . It follows that ω(
Theorem 33. The two sets given by the convex hull of the points p( 
for some λ ∈ Z <0 . Thus, the linear functional −1 1 indeed orients the edge [p( In fact, each polytope in this chain is obtained by deleting facets from the previous one. [Lod04] , the second column is one of C. Hohlweg and C. Lange's associahedra [HL07] , the third column appeared in a discussion in C. Ceballos, F. Santos and G. Ziegler's survey on associahedra [CSZ15, Figure 3 ] and was explained in C. Hohlweg, V. Pilaud and S. Stella's recent paper [HPS17] , and the last column is a Stokes complex discussed by F. Chapoton in [Cha16] and illustrated in Figure 3 .
Consider now an isometry σ of the plane that preserves the hollow polygon P • and the solid polygon P • . For any diagonals and dissections
This immediately implies the following statement.
Proposition 40. Any P • -preserving isometry σ :
We say that a dissection D is σ-invariant when σ(D) = D. Assume now that σ is a rotation and D • is σ-invariant. We call σ-invariant D • -accordion complex the simplicial complex AC σ (D • ) whose vertices are the crossing-free σ-orbits of D • -accordion diagonals, and whose faces are sets of such orbits whose union is crossing-free. In other words, the faces of 
belongs to F and to Fix(Σ) and thus to e. We conclude that if v is a common vertex of P and Q, then so are all neighbors of v in the graph of Q. Propagating this property, we obtain that all vertices of Q are also vertices of P , so that P = Q. Finally, there is a clear injection from the σ-invariant accordion complex AC σ (D • ) to the boundary complex of P = Q, thus a bijection (since these complexes are two spheres with the same vertex set).
The d-vector fan
In this section, we discuss the generalization to the D • -accordion complex of another classical geometric realization of the associahedron coming from the theory of cluster algebras [FZ02, FZ03a, CFZ02, CSZ15] . Namely, we define compatibility vectors in analogy with the denominator vectors of cluster variables, and we characterize the reference dissections D • for which these vectors support a complete simplicial fan realizing the D • -accordion complex. 
However, as already mentioned in Section 1.3, the diagonals δ so that there is already a linear dependence
On the negative side, we have seen that even interior cells are redhibitory for the d-vector fan. The positive side is that even interior cells are the only obstructions to this construction.
Theorem 46. The collection of cones 
Assume that γ • crosses neither µ • nor ν • . Then γ • is incident to both µ • and ν • , and therefore is either
whose γ • -coordinate all vanish, so that it admits a linear dependence. 
It is essential here that = k is even. This is guarantied by the assumption that D 
Remark 47. Following Remark 2, we observe that special reference dissections give rise to the following relevant fans: For a snake triangulation Z • , the d-vector fan F d ( Z • ) coincides with the type A cluster fan of S. Fomin and A. Zelevinsky [FZ03a] . For any triangulation T • , the d-vector fan F d (T • ) was already constructed in [CSZ15] . For a quadrangulation Q • with no interior quadrangle (equivalently, with no cross), we obtain an alternative realization of the Stokes complexes studied in [Bar01, Cha16] 
, thus of a join of smaller accordion complexes (see Remark 5).
4.2.
Coordinate sections of the g-vector fan. More relevant are the sections of the g-vector fan. They provide an alternative approach to polytopal realizations of the accordion complex based on projected associahedra. This approach relies on the following crucial observation. 
Based on this lemma, we obtain in the following statement an alternative realization on the g-vector fan, which is illustrated on Figure 9 .
and coincides with the section of the g-vector fan
• , which is equivalently described by:
Figure 9. Projecting accordiohedra on coordinate planes yields smaller accordiohedra. It is well-known that the subcomplex ∆ d (X • , I) is the cluster complex obtained by freezing all variables x i for i ∈ I. For example in type A, it is a join of simplicial associahedra and it can therefore be realized by a product of smaller associahedra. In contrast, we are not aware that the subcomplex ∆ g (X • , I) be investigated. The present paper dealt with the type A situation. Example 58. Example 57 extends to cluster algebras on surfaces [FST08, FT12] , using accordions of dissections of surfaces.
Proof. Lemma 52 immediately implies that
The following statement extends Theorem 53 to arbitrary cluster algebras. Corollary 60. The subcomplex ∆ g (X • , I) induced by the variables y such that g(X • | y) i = 0 for all i ∈ I is a pseudomanifold.
Moreover, extending the result of C. Hohlweg, C. Lange and H. Thomas [HLT11] in the acyclic case, C. Hohlweg, V. Pilaud and S. Stella recently constructed a polytope Asso(X • ) realizing the gvector fan F g (X • ) in [HPS17] . We can use this associahedron to realize the subcomplex ∆ g (X • , I) as a convex polytope.
Corollary 61. The orthogonal projection of Asso(X • ) on R
[m] I is a realization of ∆ g (X • , I).
Finally, when oriented in the suitable direction v (the sum of the positive roots, or equivalently the sum of the fundamental weights), the graph of the generalized associahedron Asso(X • ) is the Hasse diagram of a Cambrian lattice [Rea06] . One can similarly orient the graph of the projection of Asso(X • ) on R
[m] I in the direction of the projection of v on R [m] I . Is the resulting graph the Hasse diagram of a lattice? Combining the results of [GM16] with that of the present paper shows that this property holds in type A. We also computationally verified the statement in types B 4 , B 5 , D 4 and D 5 . Following [GM16] it seems promising to construct first a lattice structure on biclosed sets of c-vectors, and to obtain then the graph of the projection of Asso(X • ) on R 
